Compartments are ubiquitous throughout biology, yet their importance stretches back to the origin of cells. In the context of origin of life, we assume that a protocell, a compartment enclosing functional components, requires N components to be evolvable. We take interest in the timescale in which a minimal evolvable protocell is produced. We show that when protocells fuse and share information, the time to produce an evolvable protocell scales algebraically in N , in contrast to an exponential scaling in the absence of fusion. We discuss the implications of this result for origins of life, as well as other biological processes.
A defining characteristic of living organisms is their ability to replicate and evolve [1] .
A major objective of research on the origin of life is therefore to find plausible chemical systems that are capable of self-replication. The "RNA world hypothesis" is a leading framework encompassing theories about the role of RNA in the origin of life. It postulates that RNA or a similar bio-polymer, being both an information-carrying molecule, as well as an enzymatic one, must have played a central role in initiating self-replication [2] [3] [4] . But formidable difficulties remain for developing this narrative into a complete and rigorous theory of the origin of life. Both theoretical and experimental investigations show that well-mixed populations of RNA or similar bio-polymers often suffer from calamitous pitfalls, including the error catastrophe for replicases [5] and parasitism for cooperative enzymes [6] [7] [8] [9] . Moreover, the complexity of long RNA sequences that could serve as efficient catalysts creates a challenge for explaining their spontaneous prebiotic synthesis [10] . Indeed, despite decades of efforts in prebiotic chemistry (and some exciting progress, e.g. [11, 12] ), building efficient, stable, and prebiotically plausible replicases (sometimes called the holy grail of the RNA world) has remained a challenge [13, 14] .
In modern cells, lipid membranes compartmentalize information-carrying and enzymatic molecules akin to those sought after by RNA world researchers. Hence, at some point in the development of life, either before, during, or after the emergence of self-replicating genetic elements, such compartmentalization must have occurred. There is evidence in support of the prebiotic availability of lipid membranes. It has been shown that amphiphilic molecules, like simple fatty acids that are building blocks for the lipid membrane, can be produced in a prebiotically plausible manner [15] . Alternatively, lipids could have been imported to earth by chondrite meteorites [16] [17] [18] . Hence, such molecules were likely abundantly present on the prebiotic Earth [19] [20] [21] [22] [23] . These molecules are able to spontaneously assemble into lipid vesicles in aqueous conditions [23, 24] , forming compartments, which in this context are known as protocells.
Protocells alleviate some of the pitfalls that an impede the transition from prelife to life. The contents of protocells are held near each other and share the same fate. This results in increased interactions within the protocell and decreased interactions with the outside environment. It also means that the protocell can house a segmented genome, i.e. the information within the protocell need not be stored in one contiguous polymer. It can also dampen the effects of side reactions for any auto-catalytic cycles that may be required to start and maintain a metabolism [25] . Protocells can also divide into new protocells that inherit parts of their contents [26, 27] . These properties of protocells enable them to help in selection for cooperative polymers, in particular replicases [6, 7, [28] [29] [30] [31] [32] . In addition to enclosing information and dividing, protocells are able to merge, thereby sharing their contents [25, [33] [34] [35] . In biology, sharing information content between two individuals is considered the defining property of sex.
The implications of this information-sharing ability among protocells, which is a form of "primordial sex", have not received much attention. For reasons outlined in the rest of this study, we suggest that the ability for these compartments to merge categorically changes the time required to produce an evolvable protocell. Hence, we propose that early presence of membranes, possibly even before the advent of replication, could have vastly improved the chances of producing complicated cells by luck.
To test this hypothesis, we investigate a simple first-passage process [36, 37] . We assume that in order to be evolvable, a protocell needs to contain a certain number, N, of components (i.e., molecules of various complexity) [8, [38] [39] [40] [41] [42] . In early life, these could be molecules as simple as ions, activated monomers, molecules that stabilize the membrane, or more complicated polymers, like oligo-peptides, and even elementary ribozymes and simple unlinked genes [12, 25, 29, 30, [43] [44] [45] [46] . More precisely, the target set should result in an autocatalytic network that results in a evolvable cell with non-negligible probability. We term the smallest set of components from which an evolvable protocell can be made a minimal evolvable protocell.
We can accordingly represent the functional (or genetic) content of each protocell as a binary string of length N. For simplicity, and without loss of generality, we ignore the redundancy (or dose) of each component in the protocell, and are only concerned with each component's presence. If a protocell contains a particular component i, then the string will have a value of 1 at the i th position and 0 otherwise. Whenever a protocell randomly assembles, we assume that it contains each of the N components independently with probability p. Whenever two protocells merge, the value of the resulting string at every position i is simply determined by a bitwise OR operation on the i th bits of the two parent protocells. This is shown schematically in Figure 1 .
The dynamical process is as follows. On the first step, the accumulator -the object of our attention-consists of a randomly assembled protocell. If less than N components are enclosed, then one of two things can happen: With probability δ, the accumulator loses its contents, and on the second step, the accumulator consists of a new randomly assembled protocell, with the accumulation process starting over. The accumulator can lose its contents if, for example, its membrane's integrity is lost, it is infected by a parasite, or it divides, and the parameter δ accounts for all such possibilities. Or with probability 1 − δ, on the second step, the accumulator merges with a randomly assembled protocell from the environment, possibly gaining additional components. In this case, if the accumulator still has less than N components after merging, then one of two things can happen: With probability δ, the accumulator loses its contents, and on the third step, the accumulator consists of a new randomly assembled protocell, with the accumulation process starting over.
Or with probability 1 − δ, on the third step, the accumulator merges with another randomly assembled protocell from the environment, possibly gaining additional components. This process continues until the accumulator gains all N components necessary for evolvability.
The total number of steps (or time units), Z, needed to gain all N components is equal to the total number of random assembly and merging events in the accumulation process.
The time, Z, needed to form a minimal evolvable protocell is thus a random variable that depends on the particular accumulator being tracked. If we track many such accumu- In what follows, it is convenient to use the parameter q ≡ 1 − p. Denote by S(q, δ, N) the probability that, starting from a randomly assembled protocell, the accumulator achieves all N components before being reset. We determine S(q, δ, N) as follows. First, assume that there is no death of the accumulator. Then 1 − q z is the probability that, after z steps, the accumulator has achieved a particular component. Therefore, 1 − (1 − q z ) N is the probability that the accumulator has not achieved all N components after z steps. It
N is the probability that the accumulator achieves all N components in exactly z steps. Then, considering death of the accumulator, since the probability that the accumulator survives for z steps without being reset is simply (1 − δ)
, we have
This can be simplified as
Denote by T (z; q, δ, N) the probability mass function for the number of steps, z, needed for the accumulator to gain all N components (i.e., reach its target) when starting from a randomly assembled protocell, given that all N components are accumulated before being reset. We have
Denote by R(z; q, δ, N) the probability mass function for the number of steps, z, taken before the accumulator is reset when starting from a randomly assembled protocell, given that the accumulator is reset before gaining all N components. We have
In what follows, we omit explicitly writing the functional dependencies on q, δ, and N for notational convenience.
For all 0 < δ < 1, the mean first-passage time, E[Z], needed to form a minimal evolvable protocell is calculated directly from
Substituting Eqs. (1), (2), and (3) into Eq. (4) and simplifying, we obtain
To extract the large-N behavior of E[Z] from Eq. (5), we simplify the summation in Eq. (1) for large N using the following procedure. For a smooth function f (x), we use the
We can express an integration of f (i) (x) with respect to x from 0 to ∞ as
Next, we write a Taylor expansion of f (i) ((z + y)/N) in powers of y/N and perform the integration over y. We have
Substituting Eq. (6) dt t x−1 (1 − t) y−1 , and using ∼ to denote asymptotic equivalence as N → ∞, we obtain
Substituting Eq. (7) into Eq. (5), expressing the Beta function using Gamma components, B(x, y) = Γ(x)Γ(y)/Γ(x + y), using Stirling's formula for the Gamma function, Γ(x) ∼
2π/x, and simplifying for large N, we find that E[Z] grows asymptotically as
where For the particular case in which δ ≪ 1, p ≪ 1, and δ is not too large relative to p, Eq.
(8) admits a simple approximation:
The exact form of E given by Eq. (8), and the approximation for E[Z] given by Eq. (9) are plotted in Figure 3 for several values of p, δ, and N.
For the particular case δ = 0, the accumulator begins as a randomly assmbled protocell, and it is never reset. For this case, the mean first-passage time, E δ=0 [Z], grows logarithmically with N, i.e. [47] , Also of interest for the biologically realistic case 0 < δ < 1 is the probability mass function, P (Z = z), for the number of steps needed to achieve a minimal evolvable protocell.
P (Z = z) is given by
If N is small, then there is typically a small number of resets before the accumulator gains all components, which corresponds to each z j being comparable in magnitude to z in the summations in Eq. (10) . But if N is large, then there is typically a large number of resets before the accumulator gains all components, which corresponds to having z j ≪ z for all j in the summations in Eq. (10) . In this case, the total number of steps, Z, is the sum of many independent and identically distributed random variables.
To provide a sense of how well of an estimator E[Z] is for the variable Z we look at its concentrationZ = Z/E[Z]. Denote µ as the average number of steps before an accumulator resets given that the accumulator resets before gaining all N components. Denote σ 2 as the variance in the number of steps before an accumulator resets given that the accumulator resets before gaining all N components. We have µ = ∞ z=1 zR(z) ∼ 1/δ and
Since both µ and σ 2 are finite, the central limit theorem enables a simplification of Eq. (10) for large values of N: we obtain the probability density function forZ:
The moments ofZ are directly computed from Equation (11):
We immediately see that Z is exponentially distributed about E[Z]:
For large N, the natural production of minimal evolvable protocells via random assembly and repeated fusion is therefore simply a Poisson process. Doing so will help in understanding several biological questions. Interestingly, early sex is well-recognized as suffering from the problem of parasitism [25] , but our exact asymptotic analysis instead suggests that sex is a good strategy, even in the presence of parasites. Lipid membranes could have encapsulated and protected different types of biological molecules in diverse environments. Oceanic currents in early earth could have then brought together primitive protocells with disparate components, which subsequently merged and eventually spawned an evolvable protocell. In this scenario, protocell formation, convection, and merging act as a necessary bridge between physically and chemically heterogeneous prebiotic environments for biological construction. Indeed, there is exciting, ongoing experimental work on creating "self-sustaining" protocells, which can divide and subsequently restore their viable composition via fusion for a few generations [48] .
Our mathematical model is similarly well suited for investigating the biological activation of modern viruses. In particular, our model captures a process known as multiplicity reactivation. In this process multiple non-functional, mutant viruses of the same strain combine, thereby "covering" each other's loss-of-function mutations and producing a functioning virus. Our analysis readily provides the number of such viral particles required (in expectation) that would re-activate a virus. In a similar scenario, in multi-compartment viruses, multiple distinct components need to co-infect the same host in order to produce a new virion. In many plant viruses, such as the genus Tymovirus, the infection occurs when two or more functionally distinct virions infect the same host [49, 50] . The occurrence of this type of combinatorial reproduction in many RNA viruses, which are thought to be ancient, is consistent with the thesis that primordial sex played an integral role in early life [51, 52] .
Research into minimal synthetic cells has shown that cells with few hundred genes are able to self-sustain in complex media [53] [54] [55] . This suggests that even for low values of p, in this case the probability of required genes vs random protein-coding genes, novel selfsustaining cells (and possibly viruses) could be produced, either in lab or in early life, by a feasible number of fusions. The feasibility of finding novel viable combinations through a merging process in lab should also be of help in order to understand the density of viable solutions within the fitness landscape [56] .
We may never know with certainty what path has resulted in the emergence of life on earth. There are likely many possible paths to evolvability, none of which have been fully delineated to this date. So far, virtually all models of protocells assumed a small initial set size, precisely because co-occurrence of many components together is unlikely. We show that even if the number of required components N is large, there are tenable paths to construct such an assembly. The merging mechanism is not as critical if N is small, but in the presence of merging compartments we are no longer restricted to this scenario. Here, we have devised and analyzed a model that captures a general set of possibilities for an evolvable protocell to emerge. It is noteworthy that our model remains agnostic about whether template-directed replication or metabolism emerged first and it can apply in both scenarios as well as different levels of complexity (from chemicals to enzymes and genes) in the underlying components.
To the best of our knowledge, our study is the first to provide a rigorous and quantitative blueprint for comparing the plausibility of a subset of paths to life: those that involve compartmentalization.
